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ThefermionicFock spaceis representedby theWienerchaos.This identificationallowsone
to definefermionicBrownianmotionwith aprobabilitymeasure.In theunderlyinggeometri-
calpicturethis Brownianmotionevolvesin thelinearspaceof thegeneratorsoftheGrassmann
algebrawhichspanstheFock space.Moregeneralstochasticprocessescanbederivedwith the
help of stochasticdifferential equations.The generalizationto supersymmetricprocessesis
basedon theWiener—Grassmannproductof Le Jan,analgebraicstructurewhich is adequate
to investigatedifferentialoperatorson Wienerspaces.
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1. Introduction

Fermionicandsupersymmetricprocesseshavebeenintroducedasausefulan-
alytic tool in elementaryparticlephysicsby Haba [1] andby Rogers [2,3]. In
theseapproachesthe usual stochasticcalculus is transferredalgebraicallyto a
Grassmannalgebraor to a superalgebrawithout referenceto a probability mea-
sure.Theaim of thislectureis to presentafermionicandto alesserextentalsoa
supersymmetricstochasticcalculuswhichcombinesgenuineprobabilitywith the
non-commutativegeometricalstructureof aGrassmannalgebraor a superalge-
bra.This approachis motivatedby Euclideanquantumfield theoryon oneside
and by recentdevelopmentsof a non-commutativestochasticcalculus in the
mathematicsliterature [4—7]on the otherside.The supersymmetncversionis
closelyrelatedto theinvestigationof differentialformson Wienerspaces.

2. Multiple Wiener—Itointegralsandchaosexpansion

Let B, (w), teP ~, be the one-dimensionalBrownianmotion with continuous
trajectoriesw(t), t~O,starting at the origin at time zero. The corresponding
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probabilitymeasureon Q=C(P~)is the Wienermeasure.Thenormalizationis
givenby theexpectationEB,1B,2 = mm (ti, 12) if t1, 12 ~ 0. Followingthebasicwork
of Wiener abouthomogeneouschaos [8] Ito hasdefinedin ref. [9] multiple
stochasticintegralsJF(t1, ..., t,~)dB,1 ...dB~,,for symmetricfunctionsF(t1,
t~)e222 (OR~). But the actualcalculationof suchintegralsreducesto acalculation
ofan iteratedintegralon the opensimplexA~={(t1,..., t~)IO<t~<~<t~}~

see,e.g., ref. [4]. Let F(t1, ..., t~)be anumericalfunctionon the opensimplex
A

1’, squareintegrablewith respectto theLebesguemeasure,i.e.,Fe222 (4n)• Then
the Ito prescriptionto evaluate

~F(0.)) JF(ti, ..., t~)dB
11~~~dB,~ (2.1)

leadsto a functionØF(W) on the probabilityspaceQwhich is squareintegrable
with respectto theWienermeasure~t, i.e. Ør(w) E 22~(Q).Moreoverthe mapping
F—~ØF is anisometricinjection .222 (A”) —p2’~(Q) with

EIØFI2_=JIØF(w)I2dft(w)=JIF(tl,...,tn)I2d11...dtfl.

Theclosedsubspaceof .22~(Q)which is the image(2.1) of 222 (zI”) is called the
nth Wienerchaosandis denotedby H1’. A closerinspectionshowsHm±Hnif
m~ n andthe direct orthogonalsumH t~J ~H~spansthe whole of .2~(Q).
HereH0 is the setofconstantfunctionson Q.

Therestrictionof the rangeof integrationin (2.1) to the opensimplex is the
essentialstartingpoint for theconstructionof fermionicstochasticvariables.Any
functionF( t1, ..., t~)E ~f~

2(4”) canbeextendedeitherto atotally symmetricfunc-
tion F~(ti, ..., in) E 222(P~)or to a totally antisymmetricfunction Fa (1k,

t~)e .222(P~). In theusualbosonicstochasticcalculusonlytheidentificationwith
thesymmetricfunction isconsidered.But it is aswellpossibleto choosetheiden-
tificationwith theantisymmetricfunction.Thatwill leadto thefermioniccalcu-
luspresentedin thefollowing section.

Let ~ = £92 (~+) bethe spaceof real functionson OR + squareintegrablewith
respectto the Lebesguemeasure.The (anti)symmetrictensorsof rank n of the
space.~ correspondto (anti)symmetricfunctionsF(t

1, ..., t1’)E22

2(DR~ ) which
areuniquelydeterminedby their valueson theopensimplex41’. TheFock space
~(~C) of (anti)symmetrictensorsof ~ is thereforethe linear spaceof all
sequences

F={F
0,F1(t),F2(t1,t2),...} (2.2)

offunctionsF0ePandF1’(t1,..., t1’)e22
2(A”), n=1, 2,...,with thenorm IIF~Igiven

by
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11F112=1F
01

2+ IFn(ti,...,tn)I2dtr”dtn. (2.3)

Following Guichardet[10] the FockspacevectorF canbewritten as function
F(T) on the power set of ER~,Te~(P+)={finitesubsetsof OR±}.Any subset
Tc OR~with I TI = n elements,T={t

1, ..., t~},correspondsuniquelyto apoint (ii,
t1’)eA”. With the identification F(T)=F1’(t1, ..., t~) if T={t1, ..., t~} and

F(O)=F0, the whole sequence(2.2) is representedby F(T), Te~(llR+).The
equation(2.3) canbewritten in theshortnotation

11F11
2= J F(T)I2dT (2.4)

andthe WienerisomorphismFe~ ( 2( ) —‘ ØFC22~,(Q),

øF((0)FO+JFl(1)dBl+JF
2(t!,t2)~tl~t2~” (2.5)

takesthecondensedform

ØF(W)” J F(T)dBT. (2.6)
~(LR+)

Let ,5~’(g()bethelinearspanof all tensorsof finite rank.Thenthe image(2.6)
ofd ( £1) is the algebraicsum~ 1’H1’. On d ( ~C)wecandefineas usualthe sym-
metrictensorproductF, Ged ( ~ ) —* F v Ged ( ~f) whichis generatedby

(j~v”vf1’)(t~,..., t~):= >J~1(t1)~L(t1’) (2.7)

for arbitraryvectorsJe~, i= 1, 2 The summationextendsoverall permuta-
tions1= (ii, ..., i~)of (1, 2, ..., n). The basicproductfor a bosonicstochastic
calculusistheslightly morecomplicatedsymmetricWienerproduct,see,e.g.,ref.
[4]. The symmetricWienerproductF, Ged( 2( )—~.FV Ged( fl is generated
byfVg=fvg+ (f~g), where (f~g)=f~f(t)g(t) dt is the innerproductof ~.

The Wiener isomorphismrelatesthis productexactlyto the numericalmultipli-
cationof functionsin .2’~(Q),

ØF(W)ØG(W) J (FVG)(T) dBT. (2.8)

It is thereforethestartingpoint of all calculationsin the bosoniccalculus.The
essentialproblemofafermioniccalculusisnowto defineanantisymmetriccoun-
terpartof the symmetricWienerproduct.
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3. Bosonicand fermionic Brownian motion

To formulateatheoryof a MarkovianfermionicBrownianmotionwehaveto
extendthe degreesof freedom.We startfrom a Brownianmotion in a Euclidean
space~ p2N of dimension2N, Ne EN. The correspondingprobability space— the
2N-fold Cartesianproductof thatof one-dimensionalBrownianmotion — is again
denotedby Q. The innerproductof ~ is a positivebilinear symmetricform
f~ge ~‘—~ <fIg> eER. For the fermioniccalculuswe choosean orthogonalmapping
j:~f—*fwithj2=—id. Then

y(jg):=(f~jg> (3.1)

is a skew-symmetricbilinear form on f. The basicHilbert spaceof boththe bo-
sonicandthe fermionic calculusis ~i= £92(P~,cf) = .222(lR~)® ~ with the inner
product(fig) =f <f(t) Ig(i)> dt. Thespace~~i) of (anti)symmetrictensors
of rankn is givenby squareintegrablefunctions(ti, ..., t

1’)eA”—~F(t1,..., t,,)ei®”.
The restriction(11, ..., t~)eA” accountsagainfor thepossibilityto extendF(ti,
t1’) either to a symmetric or to an antisymmetrictensor in ~?T®~.The
(anti)symmetrizationdoesnot determinethevalueson the diagonals1 = t~,i �j,
but this subsetof OR’~is of Lebesguemeasurezero.Theinnerproductof the Fock
space~(~) is

(FIG)= J <F(T)IG(T)> dT

where <1 >,, is the usual innerproductof the tensorspace~f®1’~ The Wiener
isomorphismFe3~(fl—~ØF(w)e22~(Q)is givenby

ØF(W) $ <F(T)IdB~>

=F0+J<F1(t)IdB~>+J<F2(t1,t2)IdB11®dB12>2+”. (3.2)

Thesymmetrictensorproduct(2.7) is easilygeneralizedto

(Jj v”.vf1’)(ti,...,t1’):= >~j~1(t,)®~®j~,(t1’), (3.3)
I

andanappropriatechoiceofthe antisymmetrictensorproductis

(J7~A~~~Af~)(t1,..., t1’):= ~ (sgnl)f,(t1)®...®f,,(t1’) (3.4)

forarbitraryvectorsfe~, i= 1, ..., n.
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Thenumericalmultiplicationcorrespondsasin (2.8) to thesymmetricWiener
productØF(W)~Ø0(w)=5< (F V G)(T) 1dB7-> andthe symmetricWienerprod-
uctF V Gis againgeneratedby

fVg:=fvg+(Jg), (3.5)

with the symmetricinnerproduct (J g) of Er. The productF V G is a bilinear
symmetricandassociativeproducton d (Er), the linear spanof all tensorsof
finite rank. This product is algebraically isomorphicto the symmetrictensor
product.

The fermioniccounterpartis theantisymmetricWienerproductF A G,which
is generatedas associativeproductby

fAg:=fAg+w(f,g) (3.6)

with theantisymmetrictensorproduct(3.4) andthe skew-symmetricform

w(~g):=Jy(f(t),g(t)) dt (3.7)

on Er, which is derivedfrom theskew-symmetricform y of f in the sameway as
theinnerproductof Er isderivedfromtheinnerproductof cf. Theantisymmetric
Wienerproductis definedon ~W( Er) and it is algebraicallyisomorphicto the
antisymmetrictensorproduct.With the Wienerisomorphismtheantisymmetric
Wienerproductcanbetransferredto anewproducton 2(Q),

(ØFXPG)(w):= $ <(FAG)(T)IdB7->. (3.8)

Thisnewproductwill becalledGrassmannproduct.Forconstantfunctions(vac-
uumsector)thisproductis definedas

1XØF=ØFX l=ØFifFe~(Er).
The antisymmetricWienerproducthasbeenintroducedby Le Jan [5] in a

supersymmetricextensionunderthenameWiener—Grassmannproduct.An elu-
cidatinginvestigationof this producthasbeengiven by Meyer [4]. Its relation
to Krée’stheoryof fermionicintegration[111hasbeenstudiedin ref. [12], where
the nameGrassmannproducthasbeenusedfor FA G.

By definition of the Wienerchaos we know EØF= (11F) for any Fe~( Er).
Thereforethetwo following identitiesholdfor F, Ged ( Er):

EØFØG=(1IFVG), EØFXØG=(1IFAG). (3.9)

Theseidentitiesallow oneto relatealgebraicbosonicor fermionicexpressionsto
expectationvalueswith the Wienermeasure.

The definition of theantisymmetricWienerproductandconsequentlyof the
Grassmannproduct(3.8) is not unique,sincetheantisymmetrictensorproduct
(3.4) andthe skew-symmetricform (3.7) dependon a partialordering in the



5 12 J. Kupsch/ Fermionicandsupersymmetricstochasticprocesses

spaceEr, which canbechosenin differentways,seerefs. [4,12]. Thechoice (3.6)
togetherwith (3.4) and (3.7) hasthe advantagethat it is compatiblewith the
causal(Markovian)structureof Brownianmotion. (In refs. [4,12] anothercon-
vention hasbeenused.Thenan additionalunitary transformationis neededfor
acausalwhitenoisecalculus,seeeq. (4.27) ofref. [12].)

Sofar two algebraicstructureshavebeendefinedon 22~,(Q), which correspond
either to a bosonicor to a fermionic calculus.But we havenot yet introduced
fermionic Brownian motion. To that endeqs. (3.9) are specializedto vectors
f~ge Er,

EØf~Øg=(fIg), EØjxØg=w(f,g). (3.10)

We chooseanorthonormalbasisof ~‘, {e~,u= 1, ..., 2N}, <e0, e~>=ô~.The skew-
symmetricform (3.1) is thendeterminedby the matrix y( e~,e~)= Coy, which
satisfiesC°= — C”°andC

2= —I. With the functionF
1 (1) =f(t) =ej9(s— t)e Er,

wheresePtis atimeparameter,the chaosexpansion(3.2) yields the~u-compo-
nentof BrownianmotionB~.The respectiveexpectations(3.10)are

EBB~=ö°”min(s~,s2), EB~XB~=C°”min(s1,s7), (3.11)

for all ~t, p= 1, ..., 2Nands1, s2~ 0. FermionicBrownianmotion is thereforethe
usualstochasticprocesswhichtakesplacein thefirst Wienerchaos,but it is con-
sideredas part of the infinite-dimensionalGrassmannalgebrabasedon the
Grassmannproduct(3.8).

Remarks
1. In thislectureonly stochasticprocesseswith afinite numberof components

areconsidered.It is possibleto extendthe resultspresentedhereto infinite-di-
mensionalprocessesor to randomfields. For thatpurposemultiple stochastic
integralsshouldbe derivedfrom arandomorthogonalmeasure— in our casea
white noisemeasure— as done,e.g., in ref. [131. One may alsostart from the
usualtheory of Gaussianintegration.But thenbosonicandfermionic normal
orderingprescriptionshaveto be discussedin somedetail to relatethe tensor
productswith theWienerproducts[12].

2. Any elementof the first chaos— including Brownianmotion — is a multipli-
cationoperatorin the respectivebosonicor fermionic functionalgebra. In the
Fock spacepicturethe multiplication is given by the symmetricor the antisym-
metric Wiener product. Their definitions yield the decompositionsfV H=
fv H+fri HorfA H=fA H— (jf) r HforanyfeEr andHed(Er). HerefiH and
frH arethe contractionsor interior productswith fin the respectivetensoral-
gebra(equivalentto the annihilationoperators)andj is the skew-symmetricop-
eratorusedto define(3.1).Onecanthereforedecomposebosonicandfermionic
Brownian motion into the creationandannihilationprocessesof Applebaum,
HudsonandParthasarathy[6,7]. Onthe otherhandthe fermioniccreationand
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the annihilationprocessescanbe added(without the operatorj) to the Clifford
processof Bamett,StreaterandWilde [14]. An introductionto all thesepro-
cesseshasbeengivenin ref. [15].

4. Stochasticdifferential equations

4.1. LINEAR STOCHASTICDIFFERENTIALEQUATIONS

In the case of linear stochasticdifferential equationsof the type dZ,=
a(t)Z,dt+b(t) dB,,wherea(t) andb(t) arenumericalcoefficient functions,the
processZ, is a lineartransformof Brownianmotion. Underusualinitial condi-
tions Z, is a Gaussianprocessin the first chaosandthe bosonicor fermionic
charactershowsup only in the calculationof products.Theexpectationvaluesof
productsfollow in agreementwith (3.9) andtheyleadexactlyto thecombinato-
rics of n-pointSchwingerfunctionsof freebosonicor fermionicquantumfields.
But in theEuclideanquantumfield theoryof fermionsoneis confrontedwith an
additionaldifficulty: thetwo-point functionshouldbe the Green’sfunctionof a
linearelliptic differentialoperator.As a consequenceonehasto usegeneralized
stochasticprocesseswith astrangeinvolution. Theseproblemsalreadyshowup
for one-dimensionalcomplex processesrelated to the differential operators
D ±= m±d/dt with parameterm~ 0. Let D i~i1(11 12) be the (retarded)Green’s
functionofD~.Thenwe areaskingfor apair of (generalized)stationaryGauss-
ianprocessesZ, andZ~’which satisfy

EZ, xZ,2=EZ~xZ~,=0, EZ~,xZ~=D~(t1,t2). (4.1)

TheprocessesZ, andZ~’arerelatedby aninvolution,whichis morecomplicated
thancomplexconjugation.SinceD —‘(1 1) is not well definedatleastoneof the
processesZ, or Z~’hasto bea generalizedprocess.It shouldbe emphasizedthat
this singularbehaviouris not aconsequenceof the fermionic characterof the
processesbut of the singularcorrelationfunction. The two-dimensionalGrass-
mannBrownianbridge of Rogers[2] correspondsto suchapair of complexpro-
cesses(with parameterm= 0 andantisymmetricGreen’sfunction). A possible
solutionof (4.1) withMarkovian (generalized)processesisZr = (D i~ii~)(I), the
complexOrnstein—Uhlenbeckprocess,andZ~! c~(I). Here~(t) = (d/dt)B, is the
complexwhite noise.But the spectralrepresentationof stationaryprocessesal-
lows other, non-Markovian,solutionsZ,= (D;~

2C)(t)andZ~= (D:~’2C) (I),

which are moreclosely relatedto the randomfields usedfor EuclideanDirac
spinors[16,17].
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4.2. NONLINEAR STOCHASTICDIFFERENTIAL EQUATIONS

All stochasticdifferential equationswhich satisfythe usualconditionsfor a
strongsolutionallow aniterationwith achaosexpansion.Thereforenot only the
solutionbut alsothe whole iterationserieshasabosonicas well as a fermionic
interpretation.Nice examplesaregiven by Hida [18, sect. 4.6(iv)], who uses
multipleWienerintegralsofthetype(2.1) but withoutmentioningthe fermionic
interpretation.

There is aspecialclassof stochasticdifferentialequationswhich usethe fer-
mioniccalculusexplicitly andwhichcorrespondcloselyto the fermionicstochas-
tic differentialequationsof Haba[1]. We startfrom aprobabilityspaceof anN-
dimensionalcomplexBrownianmotionB,. ThenanyGrassmannpolynomial

~ m+n~N,

~=(~i,...,~
1’2)eENm, ~

i’=(v1,...,v~)eEN”, vI<v2<...<pn,

with smoothnumericalfunctionsc,,,.( t) is aprocesswhich is adaptedto the fil-
tration of B,. Moreover,the differentialof Z, canbe calculatedwith an ItO for-
mula in which the partial derivativesaretheantiderivationsof the Grassmann
algebrageneratedby theGrassmannproduct.Suchacalculushasbeenproposed
onanalgebraicbasisby Haba[1]. Consequentlystochasticdifferentialequations
in which all termsarebuilt up from Grassmannproducts,essentiallyagreewith
thosepresentedin ref. [1]. Butnow the probabilisticinterpretationis explicitly
given. Theconnectionwith thecalculusof Rogersis not soobvious.

5. Supersymmetricstochasticprocesses

Thereis aratherobviousgeneralizationto supersymmetricprocesses.The space
f of section3 hasto be extendedto the sumof abosonicanda fermionicspace

~‘ ‘B~ 6 such that Er = £92 (P+‘ ~ ~F) = ErB~ErF decomposesinto ErB =
.22

2(P+,1~,)and ErF=222(OR+,~ The Fock spaceis now ~3r(Er)=.~~(ErB)
0 ~ (Err). The ±signsindicatethatthealgebraicproductson ~ (ErB) arethe
symmetrictensorproductandthe symmetricWienerproduct,whereasF (ErF)
is equippedwith the antisymmetricproducts.Let ~ (ErF) be the closedsub-
space of .~(ErF)spanned by all tensors of rank pe{0, 1,2, ...}; then
~(Er)=~~

0 .~(Er) with ~(Er)=~(ErB)®~~(ErF) is a12 graded vector
space. The parity ofan element Fe.~(Er) is definedas [F]=(1—(—lY’)/2.
The basic tensor product of .~ ( Er) is the ~2 graded combination of (3.3) and
(3.4),

(f ~ ..., t1’)= ~ i1(J, ...,f~)f1(t1)®~~®f,,(t1’). (5.1)
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The parityfactor is

o’1(Jj, ...,fn)= (1 )Ni N1#{(i~,i~)9U< 1, ~ >1,,, [J~] [f,,]= 1}

ThecorrespondingWienerproduct,which isthe Wiener—Grassmannproductof
Le Jan[5], is generatedbyfg=fog+/3(j g), where fl(J g) is the supersymmetric
bilinear form on Er [19] derivedfrom the symmetricinnerproducton ErB and
the skew-symmetric form (3.7) on ErF. Supersymmetric Brownian motion can be
obtained from this product following the constructions of section 3. It is the ten-
sorproductof abosonicBrownianmotion anda fermionicBrownianmotion.
Infinitesimal supersymmetrytransformationsare antiderivationsor superderi-
vations [19] of this Wiener—Grassmann algebra. For the Brownian motion ob-
tainedfrom the product(5.1) thesesupersymmetrytransformationsdo not in-
clude time derivatives.If we demandthat the squareof the supersymmetry
operatoris the generatorof the process— as donein refs. [1] and [3] — then we
need morecomplicatedconstructionswherethefermionicpart is of thetypedis-
cussedatthe endof section4.1.

A final remarkaboutthe relationto geometryshouldbeadded.As alreadyin-
dicatedin ref. [5], a12 gradedtensorproductof thetype (5.1) is the adequate
algebraicstructureto investigateformson infinite-dimensionallinear spaces.The
de Rhamcomplex of differential operators presentedby Arai in hislectureduring
this school, see also ref. [201, can be formulatedin thislanguage.Thedifferential
operators dA and d~of ref. [20] are in fact antiderivations of a Wiener—
Grassmann algebra.
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